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Abstract 
The tensile response (strength and deformability) of strain hardening UHPFRC needs to be 
characterized by adequate test and analysis methods. Inverse analysis methods that do not 
appropriately take into consideration the influence of the UHPFRC softening behavior on its 
pre-peak response under bending significantly overestimate the UHPFRC strain hardening 
domain. Further, the determination of the elastic limit from objective methods remains a 
challenge. An original simple inverse analysis method has been developed which provides 
new objective criteria for the determination of: (1) the elastic limit, and (2) the strain 
hardening response of UHPFRC in the relevant pre-peak domain under bending. The paper 
reports on the major results achieved in this context, with the background and application of 
these new methods to the characterization of the tensile response of the UHPFRC used for the 
reinforcement of the Chillon Viaducts (Switzerland) in 2015.  
 
Résumé 
La réponse en traction (résistance et déformabilité) des BFUP écrouissants doit être 
caractérisée par des méthodes d’essai et d’analyse adéquates. Les méthodes d’analyse inverse 
qui ne prennent pas correctement en considération la contribution du comportement 
adoucissant sur la réponse pré-pic flexionnelle conduisent à une surestimation importante du 
domaine écrouissant des BFUP. De plus, la détermination de la limite élastique sur la base de 
critères objectifs reste un défi. Une méthode simple et originale d’analyse inverse a été 
développée avec des critères objectifs pour la détermination de: (1) la limite d’élasticité, (2) 
l’étendue du domaine écrouissant des BFUP, sur la base du domaine pré-pic pertinent, en 
flexion. Les principaux résultats obtenus dans ce contexte sont présentés, avec les bases et 
l’application à la caractérisation de la réponse en traction des BFUP utilisés pour le 
renforcement de la dalle de roulement des viaducs de Chillon (Suisse) en 2015. 
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1. INTRODUCTION 
The characterization of the tensile response of likely strain hardening UHPFRC mixes aims 
at the determination of their strength and deformability values for given conditions of 
preparation (molds, casting, curing): elastic limit fUte, maximum strength fUtu, maximum 
hardening deformation εUtu and modulus of elasticity EUt. This can be achieved either directly 
by means of unnotched uniaxial tensile tests, or indirectly by means of unnotched bending 
tests associated to inverse analysis methods. Reliable tensile tests are challenging for several 
reasons and require great care: eccentricities with bending effects can dramatically increase 
the apparent hardening response and decrease the apparent elastic limit by several MPa; fixed 
boundary conditions are less forgiving for slight eccentricities but lead to the only reliable 
estimation of the tensile response after cracking as shown by Kanakubo [1].  
More generally, the tensile performance of UHPFRC is governed by the action of their 
fibrous skeleton. In cases of detrimental fiber orientation, local variations of the fiber dosage, 
insufficient fibrous mix design, or loss of continuity of the fibrous skeleton (casting joints or 
flux fronts due to casting procedures) this performance can be severely affected, [2-5]. On the 
contrary, in cases of favorable fiber orientation with respect to principal stresses such as in the 
case of thin (with respect to fiber length) laboratory specimen, cast in narrow (with respect to 
fiber length) molds, the material performances are most often an upper bound, far from design 
conditions. There is thus no absolute and unique uniaxial tensile response for discontinuous 
fiber reinforced composites such as UHPFRC; only sample “structural” responses which 
depend on the methodology of casting and curing and the material composition. This now 
well-known aspect is covered for design among others by conversion factor K according to 
[6] and by coefficients ηhu et ηk according to [7]. 
Current inverse analysis methods [8-11] most often neglect the influence of the UHPFRC 
softening behavior on its pre-peak response under bending, and thus significantly 
overestimate the UHPFRC strain hardening domain, as shown by the comparison of direct 
tensile test results and inverse analyses for the same material and casting and curing 
conditions [11,12]. Furthermore, the determination of the elastic limit from objective methods 
remains a challenge.  
An original simplified inverse analysis method has been developed [13], which provides 
new objective criteria for the determination of: (1) the elastic limit, and (2) the strain 
hardening response of UHPFRC samples in the relevant pre-peak domain under bending. This 
paper reports on the major results achieved in this context, with the background, validation 
from tensile test results and finite element calculations, and application of these new methods 
to the characterization of the tensile response of the UHPFRC used for the reinforcement of 
the Chillon Viaducts (Switzerland) in 2015.  
2. EXPERIMENTAL 
2.1 Context and overview 
The application of strain hardening UHPFRC for the long-lasting protection and 
reinforcement of existing structures has demonstrated its advantages and feasibility in 
numerous cases since 2004 in Switzerland and abroad, [14]. The reinforcement of the 2.1 km 
long Chillon viaducts in Switzerland in 2014/2015, with ongoing AAR and insufficient 
bending, shear and fatigue resistance of the deck slabs was a major step towards a systematic 
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large scale industrialization of this technique, [15]. Altogether, 2400 m3 UHPFRC were cast 
as a 40 or 50 mm thick layer with average rates of 60 m3/day, with a special casting machine.  
Passive reinforcement was added in the transversal direction all along the bridges length, 
and over the piers over 1/8 of the span (negative moment zone) along the longitudinal 
direction. The requirements (average values on specimens cast on site, with the machine) to 
the UHPFRC (type UA according to [7]) were a strain hardening response with an elastic 
limit higher than 7 MPa, a ratio fUtu/fUte > 1.1, and a maximum strain hardening deformation > 
1.5 ‰. During this site, complete characterization tests were performed to determine the 
tensile response of the UHPFRC as it is cast in place, with both tensile and bending tests 
associated to inverse analyses.     
2.2 Materials and preparation of specimen 
The material used was Ductal® NaG3 Tx developed by Lafarge for this site [16], with 240 
kg/m3 of smooth straight steel fibers 14/0.2 mm. The fresh UHPFRC was highly thixotropic, 
perfectly suited for the application on slopes up to 7 %, with the casting machine developed 
by the contractor, Walo Bertschinger AG, for this site. As such, the workability of the fresh 
mix just out of the mixer, was not adapted to directly cast specimen and it was decided to 
produce material samples cut out of square plates (700 mm x 700 mm, 35 mm thick) cast 
directly under the casting machine with the method used for reinforcing the viaducts. Both 
four point bending and tensile test specimens were prepared. The individual specimens were 
cut out of the original plates in different directions with respect to the direction of casting 
(parallel to longitudinal axis of bridge or perpendicular), surfaced to a thickness of 30 mm, 
cured at 20°C in the lab and tested at 28 days. The reported results are for the specimens 
prepared during the application of UHPFRC on the second viaduct, in 2015, for which both 
tensile and bending test results from same castings are available. 
2.3 Four-point bending tests 
The specimens were strips of 500 x 100 x 30 mm loaded and instrumented according to 
Figure 1 a), with a span of 420 mm. The displacement rate imposed by the stroke to points (a) 
and (b) was 0.5 mm/min pre-peak and 5 mm /min post-peak, with a servo-hydraulic testing 
machine. Mid span deflections and reaction force were recorded at 5 Hz. 
For each series six specimens were tested. First, three specimens were tested in a monotonic 
way, until a deflection of 25 mm to estimate an average of their maximum force. For the three 
remaining specimens, a two-step procedure was used: (1) three loading/unloading cycles were 
performed until 25 % of the average force of the first three specimens tested in a monotonic 
way, (2) the specimens were subsequently loaded in a monotonic way until 25 mm deflection. 
For these three specimens, the loading/unloading cycles enable an accurate determination of 
the elastic limit fUte as follows. For the last loading cycle, for every pair of measured values: 
force Fi and average midspan deflection δi, the apparent secant elastic modulus Ei is 
determined after equation (2), with lm : span, bm : width and hm : thickness of the specimen). 
Additionally, the moving average Emi over the last 20 values Ei is calculated for every value 
of deflection δi (i ≥ 20). Finally, the current elastic modulus Ei and its moving average are 
plotted as a function of the average measured deflection δi.  
 The end of the elastic domain corresponds to force FA from which an irreversible decrease 
of 1 % of the moving average Emi of the apparent secant elastic modulus is observed. The 
elastic limit of the material is given by equation (3):   
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The apparent elastic modulus EU of the material is defined as the value of the apparent secant 
elastic modulus Emi for Force FA.  
 The 1% criterion of detection applied on the secant modulus to detect the elastic limit was 
validated by the analysis of the intrinsic noise of force and deflection measurements, for two 
distinct laboratories, with a similar aluminum sample subjected to the four-point bending test 
procedure presented in this paper. The noise on the deflection measurements under stroke 
control was the most significant and its effect on the apparent secant modulus (raw values) 
varied between 0.85 % (lab. 1) and 1.84 % (lab. 2), average values of noise at reloading, over 
10 cycles. After applying the moving average to the secant modulus, the noise was below 1 % 
for the two laboratories. 
2.4 Uniaxial Tensile tests 
The specimen geometry is shown on Figure 1b). The geometry of the transition zones BC, 
EF, IJ, LM was defined according to Neuber’s model [17] to limit stress concentrations. The 
specimens were instrumented with two sets of two LVDT on two perpendicular planes (XY 
and XZ after Figure 1b)) along the cross section of the specimen to verify possible 
eccentricities, with measurement bases lmes,1 and lmes,2. A systematic check of the differences 
among the transducers in each pair confirmed that the effects of eccentricities remained 
negligible (less than 0.2 MPa flexural effect on the tensile stresses) up to the elastic limit at 
least. The tests were run with an electro mechanical testing machine with fixed/fixed 
boundary conditions. The displacement rate imposed by the stroke to the specimens was 0.2 
mm/min pre peak and 0.4 mm/min post peak. All data were recorded at 5 Hz. 
 
a)      b) 
Figure 1: a) four-point bending set-up and specimen, all dimensions in mm, b) tensile test 
specimen 
3. ANALYTICAL INVERSE ANALYSIS 
3.1 Background 
A simplified analytical inverse analysis method assuming elastic curvature under 4 point 
bending of strips, strictly speaking only valid in the elastic domain, was proposed by [6], 
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Annex 4. It is originally applied only in one point, at the peak, and assumes that the tensile 
parameters (stress and strain) determined at this point characterize the end of the hardening 
domain. Consequently, this method neglects the effect of the strain softening response of the 
material on its pre-peak response under bending and significantly overestimates its hardening 
response. On the other hand, its formulation is very simple and adapted for a quick inverse 
analysis, without the need for an iterative procedure. 
The same modelling approach was followed with however two improvements: (1) 
extension of the calculation to the pre-peak domain between points A and C, starting after the 
elastic limit, up to the peak, according to Figure 2 a), (2) Definition of a limitation criterion to 
identify point (C) on the Force-deflection response, Figure 2a) at which the softening 
response of the material enters into play. Following [6, 8], the curvature in the constant 
moment zone of the specimen is assumed to remain elastic per equation (5), up to the peak 
force. For a pair of force – mid-span deflection values Fi, δi, one gets, with Mi the bending 
moment, σUti, respectively εUti, the tensile stress, respectively deformation, at the lower face 
of the specimen in the constant moment zone, χi the curvature in the same zone, αi the ratio of 
the height of the « yielding zone » to the specimen height hm after Figure 2 a), bm width of the 
specimen, lm span, E modulus of elasticity after equation (6) for force FA: 
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Parameter λi can be determined directly from the test results for a series of points evenly 
spaced in the pre-peak domain, after the elastic limit, between points A and C. Equation (6) 
can be easily solved using a spreadsheet. Once the values of αi are known, it is possible to 
determine the tensile stress and deformation at the lower face of the specimen according to 
equations (8) and (9), [6], Annex 4.  
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Figure 2: Inverse analysis of four-point bending tests, principles  
In order to detect point B according to Figure 2a), after which the softening response of the 
material comes into play and the inverse analysis method neglecting it is no more valid, an 
additional criterion linked to the maximum tensile strength of the material fUtu is introduced.   
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Numerous finite elements simulations [18] for a specimen geometry according to Figure 1a) 
and strain hardening UHPFRC, have shown that the position of the neutral axis at peak force 
can be assumed to be 0.82*hm for strain hardening UHPFRC and specimen geometries 
according to Figure 1a) (depth 30 ± 2 mm), provided that the compressive stresses remain in 
the elastic range. Following this assumption, with peak Force FC and the stress distribution 
shown on Figure 2 c), yields equation (10): 
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Thus, the inverse analysis method is performed for a series of points evenly distributed 
between points A and C. The first point "j" for which the calculated stress σUtj is larger than 
the value of fUtu after equation (8) gives an estimate of the strain hardening limit of the 
UHPFRC, εUtu=εUtj.  
The choice of the first point of calculation is done such that the height of the “plastic zone” αi 
is at least 0.5, which means λi ≤ 0.5, to involve at least a plastic zone equal to 50 % of the 
cross section of the specimen in the calculation. The total recommended number of points for 
the method between points A and C is at least 10. A preliminary smoothing of the Force - 
displacement curve (for instance by means of a moving average) helps avoiding using local 
minima or maxima from the raw experimental data that could bias the detection of point B.   
3.2 Application to the UHPFRC used on the Chillon viaducts site 
Table 1 summarizes the tests that were realized in 2015 to characterize the tensile response 
of the UHPFRC applied on the site. Two independent testing labs were involved, with both 
tensile and four-point bending tests (4PTB) with specimens cut out of plates cast with the 
casting machine, in two perpendicular directions. 
Table 1: Overview of tests realized for characterizing the tensile properties of the 
UHPFRC applied on the Chillon viaducts in 2015 (number of specimen) 
Laboratory Series 1 - Parallel to laying direction Series 2 - Perpendicular to laying direction 
  Tensile test 4 PTB test Tensile test 
 
4 PTB test 
Lab. 1 6 x 6 x 6 x 6 x 
Lab. 2 
 
6 x 
 
6 x 
 
The tensile response of the UHPFRC was evaluated indirectly by means of inverse 
analyses of the 4PTB tests results with: (1) the analytical method described in § 2.3 and 3.1, 
and (2) a Non Linear Finite Element code (MLS/FEMMASSE) [18]. The bases of the FEM 
model (Smeared Crack Model with bulk energy dissipation) and verifications of mesh size 
objectivity are described in [19]. Two specimens of each series were analyzed in details and 
used for comparison. The results were then compared to those of the uniaxial tensile tests.  
Figure 3a) shows the results of test series 1 (4 PTB specimens) with the predictions of the 
best fits of the FEM models applied to two specimens with different responses.  Figure 3b) 
and c) show the tensile laws obtained by the inverse analysis by FEM. Results from Lab. 2 
have significantly more scatter than for those of Lab. 1. This effect can be due to the 
variability of the casting process and the limited size of the plates from which the specimen 
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were extracted with respect to the size of the casting machine. However, on average the 
results show similar trends. A very close fit is achieved with the FEM models. The material 
exhibits a clear strain hardening response. 
 
  a)         b)    c) 
Figure 3: a) 4PTB test results, series 1 and best fits of the FEM model, b) FEM model, 
tensile law: hardening domain, c) FEM model, tensile law: softening domain 
 
Similarly, Figure 4a) shows the results of test series 2 (4 PTB specimens) with the 
predictions of the best fits of the FEM models applied to two specimens with different 
responses.  Figure 4b) and c) show the tensile laws obtained by the inverse analysis by FEM. 
Results from Labs 1 and 2 coincide well in terms of average and scatter. The closest fit is 
achieved with the models with a small strain hardening domain (likely to be microcracking 
without distributed multiple cracks). For this orientation of the specimens with respect to 
casting direction, no significant strain hardening response is obtained. 
    
  a)         b)    c) 
Figure 4: a) 4PTB test results, series 2 and best fits of the FEM model, b) FEM model, 
tensile law: hardening domain, c) FEM model, tensile law: softening domain 
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Figure 5 shows the evolution of the secant modulus determined according to § 2.3 as a 
function of the deflection for the specimen fitted by FEM model 1 on Figure 3a). The elastic 
limit according to the 1 % irreversible decrease criterion is found for a deflection of 0.223 
mm, with a value fUte=7.92 MPa. The corresponding elastic modulus is 43,400 MPa. 
 
   a)       b) 
Figure 5: a) secant modulus as a function of deflection for the specimen fitted by FEM 
Model 1, b) position of the elastic limit on the force-deflection curve 
 
Figure 6 illustrates the application of the analytical inverse analysis method (I.A. model A) 
to the specimen fitted by FEM Model 1 on Figure 3a). The range of hardening predicted by 
the method as well as the maximum strength correspond very well with the values obtained 
by fitting with the FEM model 1, for the same specimen.  
          
   a)       b) 
Figure 6: example of analytical inverse analysis procedure (I.A. model A): a) test results, 
interpolation points and fit by FEM model 1, b) tensile properties compared to FEM model 1 
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Finally, all models are compared to the results of the uniaxial tensile tests on Figure 7. I.A 
models A and B resp. correspond to FEM Models 1 and 2 fitted on the associated 
experimental curves according to Figure 3a). Overall, the FEM models and the results from 
the analytical inverse analysis method correspond very well with each other, and with the 
observed tensile test results. Contrary to 4PTB test results from both labs, no significant 
difference can be observed between the two orientations of the specimens with respect to the 
casting direction for the tensile tests results. This effect could be again explained by the 
“small “size of the plates (700 x 700 mm) from which the specimens were taken compared to 
the size of the laying machine (several meters).  Indeed, considering all test results from series 
1 and 2, both 4PTB and direct tension, the material cast on the Chillon viaducts exhibits a 
strain hardening response in various orientations, at different places, corresponding to the 
required strain hardening response. 
        
   a)      b) 
Figure 7: Tensile response: experimental results vs models: a) overview with FEM models, 
b) close up on peak range, with results of inverse analysis method: I.A. Models A and B. NB: 
measurement basis of LVDT lmes,2=280 mm. 
4. CONCLUSIONS 
− A new method has been proposed for the objective determination of the elastic limit of 
UHPFRC from 4 PT bending tests. This method was validated by comparison with 
direct tensile test results and FEM models of similar specimen.  
− An original analytical inverse analysis method extending models from [6, 8] has been 
applied successfully to the determination of the tensile properties of strain hardening 
UHPFRC from the Chillon Viaduct site. 
− The material properties determined experimentally and by inverse analyses clearly 
indicate that the UHPFRC cast on the Chillon site exhibits in-place a strain hardening 
response and fulfills all requirements regarding the tensile properties. 
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